Quantum loop effects to the power spectrum of primordial perturbations
  during ultra slow-roll inflation by Syu, Wei-Can et al.
Quantum loop effects to the power spectrum of primordial perturbations during
ultra-slow-roll inflation
Wei-Can Syu and Da-Shin Lee∗
Department of Physics, National Dong Hwa University, Hualien 97401, Taiwan, R.O.C.
Kin-Wang Ng†
Institute of Physics, Academia Sinica, Taipei 11529, Taiwan, R.O.C. and
Institute of Astronomy and Astrophysics, Academia Sinica, Taipei 11529, Taiwan, R.O.C.
(Dated: August 6, 2019)
We examine the quantum loop effects on the single-field inflationary models in a spatially flat
Friedmann-Robertson-Walker cosmological space-time with a general self-interacting scalar field
potential, which is modeled in terms of the Hubble flow parameters in the effective field theory
approach. In particular, we focus on the scenarios in both slow-roll to ultra-slow-roll (SR-USR)
and SR-USR-SR inflation, in which it is shown that density perturbations originated from quantum
vacuum fluctuations can be enhanced at small-scales, and then potentially collapse into primordial
black holes. Here our estimates indicate significant one-loop corrections around the peak of the
density power spectrum in both scenarios. The induced large quantum loop effects should be
confirmed by a more formal quantum field theory, and, if so, should be treated in a self-consistent
manner that will be discussed.
PACS numbers: 98.80.Cq, 04.62.+v
I. INTRODUCTION
Primordial black holes (PBHs) have recently received a
renewed attention since the discovery of the gravitational
waves emitted by the merging of two 30 M black holes,
speculated to be PBHs resulting in LIGO coalescences
[1]. In addition, the focus has been on the possibility
that if PBHs are abundant enough, they could comprise
a considerable fraction of the dark matter, and thus leave
imprints throughout the history of the universe [2–4] (see
Ref. [5] for a review).
Large scale structures of the universe are seeded by
quantum vacuum fluctuations during the very early evo-
lution of the universe and then stretched to cosmological
scales by the rapidly exponential expansion of the in-
flation. During such a stage of primordial acceleration,
the curvature perturbation originated from quantum vac-
uum fluctuations may be enhanced at small-scales with
respect to the large-scale perturbations, which are ulti-
mately responsible for the CMB anisotropies. At cos-
mological horizon re-entry, the small-scale fluctuations
in the over-dense region might collapse into a PBH if
they are large enough to overcome the pressure gradients.
Nevertheless, such an enhancement on small-scale fluctu-
ations can occur either within single-field of models of in-
flation or through some spectator field. The models of ex-
tensive studies include critical Higgs inflation [6], double
inflation [7], radiative plateau inflation [8] or some string
realizations [9–11], to cite a few. Generally speaking,
for having sufficiently large fluctuations, the inflation-
ary dynamics has to deviate from slow-roll (SR) [12, 13].
∗ dslee@gms.ndhu.edu.tw
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Ultra-slow-roll (USR) inflation has been proposed as a
transient phase of single-field inflation to generate large
small-scale perturbations [14–17]. The idea of the USR
is to consider a very flat potential of the inflaton field
when its equation of motion, given by the Klein-Gordon
equation, in a Friedmann-Robertson-Walker (FRW) cos-
mological space time, is dominated by the cosmological
friction term rather than the slope of the potential in the
SR inflation case. Although the slope of the potential
is very small, we still have potential domination in the
Friedmann equations so inflation continues. If so, the
time derivative of the inflaton field becomes exponen-
tially small in time, thus enhancing the produced curva-
ture perturbations, which are inversely proportional to
the inflaton velocity. However, in this scenario for very
small inflaton velocity, small quantum kicks due to quan-
tum loop effects might become comparable to its mean
value. A natural framework to involve quantum kicks is
through the stochastic inflation [18]. Several works [19–
22] have been devoted to the study of this quantum noise
effects and found a significant boost of PBH production
whereas the work in Ref. [23] has claimed that quantum
diffusion effects in the USR inflation are insignificant by
keeping the formalism in its regime of validity.
To see the quantum loop effects on the curvature
perturbations, perhaps giving some implications to the
above controversy, in this article, we will perform the
loop quantum field theory calculations by mainly follow-
ing the work of Ref. [24], and consider the loop effects
from the quantum fluctuations of the inflaton field itself.
In particular, the quantum field fluctuations of 〈ϕ2〉 not
only have the usual ultraviolet divergence in its one-loop
momentum integral that can be removed by a proper pro-
cedure of regularization/renormalization by defining its
renormalized counterpart, but also in the case of mass-
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2less inflaton fluctuations in de Sitter space-time they suf-
fer from the infrared divergence [25]. In Ref. [24], its
infrared enhancement that gives sizable effects to mod-
ify the slow roll parameters was studied. Here we will
extend the study to the USR inflation.
Our presentation is organized as follows. In next sec-
tion, we introduce single-field inflationary models in a
spatially flat FRW cosmological space-time, and then
model the general self-interacting scalar field potential
V (φ) in terms of the Hubble flow parameters in the ef-
fective field theory approach. We then separate the clas-
sical homogeneous background field (Φ0) from the quan-
tum field fluctuations (ϕ). The background field obeys
the classical Klein-Gordon equation in the FRW metric
with the scale factor following the Friedmann equations.
Also, the equation of motion for mode functions of the
quantum field fluctuations is derived where the solution
is found. Later, the Bunch-Davis vacuum state is cho-
sen to compute the one-loop effects of 〈ϕ2〉. In Sec. III,
we introduce the power spectrum of primordial pertur-
bations described by the density perturbations in a spa-
tially flat gauge. The full one-loop expressions of the
density perturbations as well as the energy density and
pressure of the inflaton field are obtained. In Sec. IV,
we first adopt the SR step model proposed in Ref. [13]
to numerically study the SR to USR inflation, and then
modify the model to consider the SR-USR-SR inflation.
We show that both scenarios can produce large density
perturbations. We then study the effects from the one-
loop contributions. Concluding remarks and discussions
are in Sec. V.
II. EFFECTIVE FIELD THEORY AND HUBBLE
FLOW PARAMETERS
The single-field inflationary models that we would like
to explore is described by a general self-interacting scalar
field theory in a spatially flat FRW cosmological space-
time. The corresponding Einstein-Hilbert action with a
minimally coupled scalar field is given by
S =Sg + Sφ
=
1
16pi
∫
d4x
√−gR
+
∫
d4x
√−g
[
1
2
φ˙2 − (∇φ)
2
2a2
− V (φ)
]
, (1)
with the metric described by
ds2 = gµνdx
µdxν = dt2 − a2(t)δijdxidxj . (2)
The generic potential V (φ) will be parametrized later in
terms of the Hubble flow parameters in an effective field
theory approach by following the work of Ref. [24], and
generalizing it to the USR inflation relevant to PBHs
production. To explore the dynamics of the quantum
fluctuations of the scalar field, we define the full quantum
field φ to be the classical homogeneous expectation value
of the scalar field and the quantum fluctuations around
the classical expectation value as
φ(~x, t) = Φ0(t) + ϕ(~x, t) , (3)
with
Φ0(t) = 〈φ(~x, t)〉 ; 〈ϕ(~x, t)〉 = 0 , (4)
where the expectation value is given by the non-
equilibrium quantum state that later will be specified to
be the Bunch-Davis state often studied in the literature.
We then expand out the Lagrangian density Sφ with nec-
essary integration by parts where the action of the scalar
field is given by
Sφ =
∫
d4x a3(t)L[Φ0(t), ϕ(~x, t)] , (5)
with
L[Φ0(t), ϕ(~x, t)] = 1
2
Φ˙20 − V (Φ0) +
1
2
ϕ˙2 − (∇ϕ)
2
2 a2
−1
2
V
′′
(Φ0) ϕ
2 − ϕ
[
Φ¨0 + 3H Φ˙0 + V
′
(Φ0)
]
+higher orders inϕ . (6)
The tadpole method (see Ref. [26] and references therein)
will be implemented to derive the equation of motion
for the homogeneous expectation value of the inflaton
field by requiring the condition 〈ϕ(~x, t)〉 = 0 whereas the
higher-order terms in the Lagrangian density (6) that
perturbatively modify the classical equation of motion
for the background field Φ0 will be ignored in this work.
Together with the Friedmann equation of the Hubble pa-
rameter H0 = a˙/a, we have
H20 =
ρΦ0
3M2Pl
, (7)
Φ¨0 + 3H0 Φ˙0 + V
′(Φ0) = 0 , (8)
where the dot represents the derivative of the cosmic time
t. The energy density and pressure are given by the spa-
tially homogeneous part of the inflaton field, and are
ρΦ0 =
1
2
(Φ˙0)
2 + V (Φ0) ,
pΦ0 =
1
2
(Φ˙0)
2 − V (Φ0) . (9)
The idea here is based upon the background solutions
that follow the classical equations, we would like to ex-
plore the loop effects on the density perturbations arising
from the quantum field fluctuations of the inflaton field
generated from the self-interacting potential V (φ).
Next, all the evolution of the Hubble parameter H0
and the field Φ0 can be described by the Hubble flow
parameters defined as
1 = − ∂
∂N
lnH0 , n+1 =
∂
∂N
ln n , (10)
3where N = ln a =
∫
H0 dt is the number of e-folds.
Here we will adopt the effective field theory approach
by directly modeling the effective potential V (φ) with
the Hubble flow parameters [13]. The n of relevance in
this work for the study of the one-loop effects from the
quantum fluctuations of the inflaton field involves 1 up
to 4, with their respective expression given by
1=
Φ˙20
2M2PlH
2
0
,
2= −6
(
1− 1
3
+
V ′(Φ0)
3H0Φ˙0
)
,
3=
1
2
(
5 12 − 4 22 − 3 2 + 12 1 −
22
2
− 2V
′′(Φ0)
H20
)
,
4= −3 + 1
23
(
6 1
2
2 + 7 123 − 18 212 − 3 23
+18 12 − 223 + 8 31 − 24 21 −
2V ′′′(Φ0)Φ˙0
H30
)
.
(11)
As will be seen later, the one-loop corrections become
effective when V ′′′(Φ0) is nonzero. From the above ex-
pressions, the value of V ′′′(Φ0) surely depends on the
Hubble flow parameters, and on the dimensional ground,
it can also be parametrized as V ′′′(Φ0) ∝ H0(H0/MPl),
resulting in the one-loop corrections of orderO(H0/MPl).
It is anticipated that the effective field theory approach
relies on the separation between the energy scale of infla-
tion determined by the Hubble parameter and the cutoff
scale of the Planck scale. The expected dimensionless ra-
tio of the effective field theory approximation is the ratio
H0/MPl, which has to be small for safely ignoring the
quantum gravity effects. Phenomenologically, the small-
est H0/MPl gives a consistent constraint on the ampli-
tudes of tensor and scalar perturbations inferred from the
PLANCK data [27], and thus leading to a strong obser-
vational support to the validity of an effective field theory
for inflation well below the Planck scale.
Now it finds more convenient to work in conformal time
with the metric background as,
ds2 = dt2 − a2(t) d~x2 = C2(η) [dη2 − d~x2] ,
where η is the conformal time and C(η) ≡ a(t(η)) =
− 1H0η . The conformally rescaled field is defined as
ϕ(~x, t) =
χ(~x, η)
C(η)
, (12)
C(η) being the scale factor in conformal time. The spa-
tial Fourier transform of the free field Heisenberg oper-
ator χ(~x, η) obeys the equation, which can be read off
from the quadratic terms in ϕ in the Lagrangian density
(6) as
χ
′′
~k
(η)+
[
k2 + V ′′(Φ0) C2(η)− C
′′
(η)
C(η)
]
χ~k(η) = 0 . (13)
Here the prime means the derivative with respect to the
conformal time η. Using the Hubble flow parameters
(10) and writing V ′′(Φ0) in terms of n obtained from
Eq. (11), it becomes
χ
′′
~k
(η) +
[
k2 − ν
2 − 14
η2
]
χ~k(η) = 0 , (14)
where the index ν is given by
ν2 =
9
4
−3 1 + 3
2
2 +
5
2
21 +
1
4
22−
3
2
12 +
1
2
23 . (15)
The scale invariant case ν = 32 corresponds to massless
inflaton fluctuations in the de Sitter background. We
then introduce the quantity
∆ =
3
2
− ν (16)
that measures the departure from scale invariance. The
free Heisenberg field operators χ~k(η) can be written in
terms of annihilation and creation operators as
χ~k(η) = a~k Sν(k, η) + a
†
−~k S
∗
ν(k, η) , (17)
where the mode functions Sν(k, η) are solutions of
Eq. (14). The vacuum state from which to build up the
Fock space by acting the creation operator on it is the
the Bunch-Davis vacuum defined as
a~k|0〉BD = 0 . (18)
Then these mode functions are given by
Sν(k, η) =
1
2
√−piη eipi2 (ν+ 12 ) H(1)ν (−kη) . (19)
For large momenta |kη|  1, the mode functions behave
the same as free-field modes in the Minkowski space-time,
i.e.,
Sν(k, η) =
1√
2k
e−ikη for |kη|  1 . (20)
In fact, in the theory of quantum fields in curved space,
there is no unique choice of a vacuum state. In this ar-
ticle we focus on the standard choice often adopted in
the literature, which allows us to include the quantum
corrections into the standard results in the literature. A
study of quantum loop corrections with different initial
states is an important aspect that deserves further study.
The index ν in the mode functions (19) depends on the
expectation value of the scalar field, via the Hubble flow
parameters, hence it slowly varies in time. Therefore, it
is consistent to treat this time dependence of ν as an adi-
abatic approximation. This is well known and standard
in the SR or USR expansion.
4III. THE POWER SPECTRUM OF
PRIMORDIAL PERTURBATIONS
The power spectrum of primordial perturbations is de-
scribed by the density perturbations with this gauge in-
variant quantity
ζk =
δρk
ρφ + pφ
∣∣∣∣
k=aH
(21)
in a spatially flat gauge [28]. The density fluctuations
δρ originate from the field fluctuations ϕ to its classical
quantity (9) given by
δρ = Φ˙0ϕ˙+ V
′(Φ0)ϕ+
V ′′(Φ0)
2!
ϕ2 +
V ′′′(Φ0)
3!
ϕ3
+higher orders inϕ . (22)
With the definitions,
(δρ2)k=
k3
2pi
〈δρ−k δρk〉 ,
(ϕ2)k=
k3
2pi
〈ϕ−k ϕk〉 , (23)
constructed from the spatial Fourier transforms of δρ and
ϕ, including the one-loop quantum corrections to (δρ2)k
gives
(δρ2)k =Φ˙
2
0 (ϕ˙
2)k + Φ˙0
(
V ′(Φ0) +
V ′′(Φ0)
2 〈ϕ2〉
)
d
dt (ϕ
2)k
+
(
V ′2(Φ0) + V ′(Φ0)V ′′′(Φ0)〈ϕ2〉
)
(ϕ2)k .
(24)
In addition, the expectation values of the energy den-
sity and the pressure with the one-loop corrections then
become
ρφ=
1
2
Φ˙20 + V (Φ0) +
1
2
〈ϕ˙2〉+ 1
2a2
〈∇ϕ2〉+ 1
2
V ′′(Φ0)〈ϕ2〉,
pφ=
1
2
Φ˙20 − V (Φ0) +
1
2
〈ϕ˙2〉+ 1
2a2
〈∇ϕ2〉 − 1
2
V ′′(Φ0)〈ϕ2〉.
(25)
Thus, summing up the energy density and the pressure,
ρ+ p, gives
ρφ + pφ = Φ˙
2
0 + 〈ϕ˙2〉+
1
a2
〈∇ϕ2〉 . (26)
Apparently, the first term Φ˙20 in Eq. (26) comes from the
background inflaton field. The other terms, however, are
the contributions from the quantum corrections. Later
all the derivatives of V (Φ0) with respect to Φ0 can be
expressed in terms of the Hubble flow parameters via
Eq. (11). Finally the power spectrum can be computed
from the variable ζ as
∆2ζ(k) =
k3
2pi
〈ζ−kζk〉 = (ζ2)k . (27)
In the USR approximation with a very flat inflaton poten-
tial such that Φ˙0  V ′(Φ0)/3H0, by ignoring the quan-
tum corrections of 〈ϕ2〉, we can approximate the energy
density fluctuations and the sum of the energy density
and the pressure as δρ ≈ Φ˙0 ϕ˙ and ρφ + pφ ≈ Φ˙20, respec-
tively. Then the power spectrum (27) becomes
∆2ζ,USR(k) =
(ϕ˙2)k
Φ˙20
. (28)
Also, in the limit of ν = 3/2, the mode functions are
given by the Hankel function with order ν = 3/2 as
Sν=3/2(k, η) =
H0√
2pi
i
k3/2
(−i− k|η|) e−ik|η| . (29)
Substituting the solutions of the mode function into
Eq. (28) and using Eq. (11) to replace Φ˙0 by the Hub-
ble flow parameter 1, it is straightforward to achieve
the standard result of the power spectrum in the USR
approximation, given by
∆2ζ,USR =
H20
8pi2M2Pl 1
. (30)
Since the order of the Hankel function ν can be slightly
deviated from ν = 3/2, here we provide a more involved
expression that takes the deviation into account. Thus,
we can further approximate δρ ≈ Φ˙0ϕ˙ + V ′(Φ0)ϕ in
Eq. (22), and also ρφ + pφ ≈ Φ˙20 as above. Hence, we
can use the solution of the Hankel function of order ν in
Eq. (19) to compute the power spectrum which is explic-
itly given by
∆2ζ,ν USR =
H20
8pi2M2Pl 1
{
(−kη)3
∣∣∣H(1)ν (−kη)∣∣∣2 + 3 (1− 13 + 26 )
[
(−kη) d
d(−kη)
∣∣∣(−kη)3/2H(1)ν (−kη)∣∣∣2]
+9
(
1− 1
3
+
2
6
)2 ∣∣∣∣(−kη) dd(−kη) (−kη)3/2H(1)ν (−kη)
∣∣∣∣2} , (31)
where Eq. (11) has been used to replace Φ˙0 and the derivatives of V (Φ0) by the Hubble flow parameters. In
5the next section, the values of the Hubble flow parameters
will be chosen as exemplified in a toy model in Ref. [13].
We can then use the above expression with a best chosen
value of the horizon crossing time, |kη| . 1, to com-
pare with the power spectrum obtained by numerically
solving the Mukhanov-Sasaki (MS) equation for the cur-
vature mode functions also with the boundary conditions
defined by the Bunch-Davies vacuum at |kη|  1.
In this article, we will also explore the one loop effects
from quantum fluctuations of the inflaton field itself to
the power spectrum ∆2ζ during the USR inflation. The
parametrization of all Hubble flow variables will follow
those in Ref. [13], where the power spectrum of ∆2ζ,USR
can be hugely induced by the smallest value of 1 in this
USR regime while still keeping the power spectrum con-
sistent with the PLANCK data for the early e-folds dur-
ing the inflation. This huge amplification of the result-
ing power spectrum in the late e-folds of the inflation,
given the contribution of the quantum effects at the rel-
evant scale of the inflaton itself, may also bring in the
possibility that its one-loop effect will become signifi-
cant as compared with the tree-level result. It is also
known that the loop effect from a minimally coupled
massless scalar field with ν = 3/2, apart from having the
usual ultraviolet divergence to be removed by the reg-
ularization/renormalization processes, has an additional
infrared logarithmic divergence, thus potentially giving
the further enhancement in the power spectrum. Here
we will in particular explore this enhancement effect in
the USR inflation by generalizing the results/approach
of Ref. [24], which has focused on the SR inflation.
With the choice of the Bunch-Davies vacuum state, the
quantum correction 〈ϕ2〉 is obtained as
〈ϕ2(~x, t)〉=
∫
d3k
(2pi)3
|Sν(k, η)|2
C2(η)
=
H2
8pi
∫ Λ
0
dk
k
(−kη)3
∣∣∣H(1)ν (−kη)∣∣∣2
=
H2
8pi
∫ Λp
0
dz
z
z3
∣∣∣H(1)ν (z)∣∣∣2 . (32)
With the large k behavior of the Hankel function in
Eq. (20), the quantum correction 〈ϕ2〉 has the UV
divergence, which will be discussed in Appendix A,
and thus can be dealt with by the proper regulariza-
tion/renormalization procedure in Ref. [24]. Note that
in the case of ν = 3/2, the power spectrum of scalar
fluctuations given by massless inflaton fluctuations in de
Sitter space-time involves the integrand in Eq. (32) as
z3
∣∣∣H(1)3/2(z)∣∣∣2 = 2pi [1 + z2] . (33)
It is known that the integral of 〈ϕ2〉 has an additional
infrared logarithmic divergence [25]. As long as the in-
dex ν is slightly different from 3/2, this slight departure
from scale invariance introduces a natural infrared regu-
larization. To see this, we split the integral as in Ref. [24]
as ∫ Λp
0
dz
z
z3 |H(1)ν (z)|2 =
∫ µp
0
dz
z
z3
∣∣∣H(1)ν (z)∣∣∣2
+
∫ Λp
µp
dz
z
z3
∣∣∣H(1)ν (z)∣∣∣2 ,(34)
where µp serves as the cutoff for the integral in the in-
frared regime to give the dominant contribution whereas
the second integral can be absorbed by the counter term
by defining the renormalized 〈ϕ2〉R in the renormaliza-
tion scheme we choose. In the limit of ∆ → 0 for
ν = 3/2 − ∆, we can obtain the leading order contri-
butions from the pole [24], by using the small argument
limit of the Hankel functions. This yields
1
2
〈[ϕ(~x, t)]2〉R =
(
H0
4pi
)2 [
1
∆
+ 2 γ − 4 +O(∆)
]
, (35)
where γ is the Euler-Mascheroni constant. While
the UV divergences are regularization/renormalization
scheme dependent, the pole in ∆ arises from the in-
frared behavior, and is independent of the regulariza-
tion/renormalization scheme. Later, the Hubble flow pa-
rameters will be parameterized based upon the work in
Ref. [13], which in some regime of interest here gives ∆
small, so as to have large enhancement from 〈ϕ2〉R in the
power spectrum of primordial perturbations during USR
inflation. With the same renormalization prescription to
〈ϕ2〉R, we can define the renormalized time derivatives
and gradient terms with their leading order results in
the limit of the small ∆ obtained as
〈
ϕ˙2
〉
R
=
H40
8pi
∫ Λp
0
dz
z
z2
∣∣∣∣ ddz [z 32H(1)ν (z)]
∣∣∣∣2 = H4016pi2
[
2 ∆
(
1 + ∆ ( lnµp − ln 4− 4 + 2 γ + 2 ln 4) + O(∆2)
)]
,〈(∇ϕ
a(t)
)2〉
R
=
H40
8pi
∫ µp
0
dz
z
z5
∣∣∣H(1)ν (z)∣∣∣2 = H408pi2
[
µ2p
(
1 + ∆ (2 lnµp − 5 + 2 γ + ln 4) +O(∆2)
)]
. (36)
They do not have infrared divergences for ν = 3/2 with
the two more powers of the loop momentum in the in-
tegral. With the renormalized quantities (35) and (36),
the power spectrum with the full one-loop quantum cor-
rections modified from Eq. (31) then becomes
6∆2ζ,1−loop =
H20
8pi2M2Pl 1
[
1 +
H20
2M2Pl1
(
〈ϕ˙2〉R /H40 +
〈(
∇ϕ
a(t)
)2〉
R
/H40
)]
{
(−kη)3|H(1)ν (−kη)|2 + 3
(
1− 1
3
+
2
6
+
H20
24M2Pl1
[(4 + 3)23 − 6122 − 7123 + 18212
+323 − 1812 + 223 − 831 + 2421]
〈
ϕ2
〉
R
/H20
) [
(−kη) d
d(−kη)
∣∣∣(−kη)3/2H(1)ν (−kη)∣∣∣2]
+9
(
1− 1
3
+
2
6
)(
1− 1
3
+
2
6
+
H20
12M2Pl1
[(4 + 3)23 − 6122 − 7123 + 18212 + 323
−1812 + 223 − 831 + 2421]
〈
ϕ2
〉
R
/H20
) ∣∣∣∣(−kη) dd(−kη) (−kη)3/2H(1)ν (−kη)
∣∣∣∣2} . (37)
This is one of the main results in this work. Assuming
that ν = 3/2 − ∆, and 0 < ∆ < 1 during the whole
course of the USR inflation, the renormalized quanti-
ties (35) and (36) in the small ∆ approximation can be
applied with the enhancement from the infrared regime
of the momentum integral of the loop contributions.
Also notice that the quantum corrections are of order
H20/(M
2
Pl1). With the fine tuning of the Hubble flow
parameters, H20/(M
2
Pl1) can be of order H
2
0/(M
2
Pl1) ∼
10−9, which is consistent with the PLANCK observations
during the early stage of inflation, and then blows up to
H20/(M
2
Pl1) ∼ 10−2 in the late-time inflation, which is
large enough to sufficiently seed PBHs as well as making
the quantum corrections potentially significant. Also, no-
tice that the µp dependence on ∆
2
ζ,1−loop comes from the
time derivatives and gradient terms in Eq. (36). Never-
theless, the smallness of H20/(M
2
Pl1) makes the result of
∆2ζ,1−loop insensitive to the choice of µp, which will be
chosen to be order one in the numerical study below.
IV. NUMERICAL EXAMPLES
To perform the numerical study, we adopt the SR step
model proposed in Ref. [13]. In there, the choice of the
Hubble flow parameters is chosen in an effective theory
approach given by
ln 1(N) = C1 +C2N −C3
[
1 + tanh
(N −Ns
d
)]
. (38)
The parameters C1 and C2 are determined to be consis-
tent with the scalar tilt (ns ≈ 0.968) and the tensor-
to-scalar ratio (r < 0.10) in the early stage of infla-
tion (N < 7). Then ln (N) undergoes a transition
at N = Ns from SR to USR with its change, namely,
δ ln 1 ∼ −2C3 within the width of d e-folds. The infla-
tion ends, say at N = 60. In Fig. 1, the set of the param-
eters in the step model in Eq. (38) is given by Ref. [13]
as (C1, C2, C3, Ns, d) = (−5.07, 0.0914, 8.7, 40, 10), which
allows us to compute the power spectrum. As expected,
the power spectrum starts from 10−9 during the small
N and increases to 10−2 in the large N . Also, the more
involved approximate expression of the power spectrum
∆2ζ,νUSR in Eq. (31) evaluated at the proper value, say
|kη| = 0.2 < 1, can provide a better approximation to the
power spectrum ∆2ζMS obtained from the exact numerical
solutions of the MS equation at |kη|  1 in Ref. [13] than
the standard power spectrum ∆2ζ,USR in Eq. (30). Similar
comparisons are also made with the set of the parame-
ters (C1, C2, C3, Ns, d) = (−5.07, 0.0914, 8.7, 40, 4) with a
more rapid transition that certainly violates the SR ap-
proximation. Both approximate expressions ∆2ζ,USR in
Eq. (30) and ∆2ζ,νUSR in Eq. (31) show relatively large
discrepancies with ∆2ζ,MS for such a narrow width d, as
shown in Fig. 2.
Next, we will include the one-loop effects to the power
spectrum given by ∆2ζ,1−loop in Eq. (37). Here we choose
the parameters so that during the whole course of infla-
tion the order of the Hankel function ν = 3/2−∆ almost
remains ν ∼ 3/2, namely, 0 < ∆ < 1. The large enhance-
ment will be seen to boost the power spectrum. To do so,
we choose (C1, C2, C3, Ns, d) = (−4.6, 0.0914, 8.7, 40, 7)
where C1 is slightly changed, but the choice of the value
still satisfies the PLANCK constraints. Also, the width
d is picked for the sake of clear illustration as d = 7 is
in the case of relatively wide width. In Fig. 3, the evolu-
tion of the Hubble parameters with the above choice of
the parameters are plotted. 1 is small in the small N
and drops to an extremely small value at the transition
N = Ns = 40, entering the USR inflation until N = 60.
As a result, 2, as it measures the change of the 1 in
Eq. (10), goes to a negative value with a large absolute
value. When 2 goes from positive to negative values,
in particular, crossing zero, 3 then becomes large. A
similar behavior happens to 4. Notice that, with this
choice of the parameters during the USR regime, the ar-
guments in Ref. [23], stating that 3 ' 21 with both
being small, seem not to hold. Whether or not the con-
clusions drawn in Ref. [23] are still true deserves further
study. In Fig. 4, we show the order of the Hankel func-
tion ν and the value ∆ as a function of N , lying within
0 < ∆ < 1, expectedly to induce the significant enhance-
ment from the one-loop contributions. Also, although
7FIG. 1. The parameter set in the step model in Eq. (38)
is chosen by following Ref. [13] as (C1, C2, C3, Ns, d) =
(−5.07, 0.0914, 8.7, 40, 10). The evolution of the Hubble flow
parameters 1 and 2 is shown in the upper panel. In the bot-
tom panel, the power spectrum ∆2ζ,ν,USR is plotted according
to Eq. (31) when |kη| = 0.2. The deviation of the approximate
result ∆2ζ,ν,USR from the power spectrum ∆
2
ζ,MS obtained by
numerically solving the MS equation in Ref. [13] is plotted as
the red dotted line whereas the deviation from ∆2ζ,MS for the
standard expression ∆2ζ,USR (30) is also shown with the blue
dashed line for a comparison.
the values of 3 and 4 have dramatic changes in some
N , the coefficients of the one-loop quantum corrections
in Eq. (37), constructed from the Hubble flow parame-
ters, change smoothly in N . Finally, using the expression
in Eq. (37) and the power spectrum in Eq. (31) (which is
plotted in Fig. 5), the correction to the power spectrum
FIG. 2. Same as in Fig. 1 but with the parameter set,
(C1, C2, C3, Ns, d) = (−5.07, 0.0914, 8.7, 40, 4).
from the one-loop contributions is shown in Fig. 6, where
all quantum corrections are given by Eqs. (35) and (36)
in their small ∆ limit. It is anticipated that although
∆ is small for the whole course of inflation, the infrared
enhancement is significant when ∆ approaches to zero
at N ∼ 60 and also H20/(M2Pl1) grows from ≈ 10−9 to≈ 10−2. In fact, the evolution of the order of the Hankel
function ν in Eq. (15) is mainly determined by 2, and
can be approximated by ν ≈ (9/4+32/2)1/2. In particu-
lar, during the transition from SR to USR inflation, 1 is
driven to an extremely small value by a negative value of
2 whose absolute value is relatively large. Then, staying
in the phase of USR requires 1 to maintain that small
number with very little change, thus driving 2 from the
negative value toward zero with ν = 3/2. So, when the
power spectrum reaches a high value, the order of the
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FIG. 3. Evolution of the Hubble parameters (1, 2, 3, 4) for
the set of (C1, C2, C3, Ns, d) = (−4.6, 0.0914, 8.7, 40, 7).
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FIG. 4. With the same parameters in Fig. 3, we show that,
in the left panel, the evolution of the order of the Hankel
function ν in Eq. (15) (black solid line) and the value ∆ (red
dashed line) defined as ν = 3/2 −∆, and in the right panel,
the coefficient of the one-loop correction, A ≡ (4 + 3)23 −
61
2
2 − 7123 + 18212 + 323 − 1812 + 223 − 831 + 2421,
in Eq. (37) as a function of N .
Hankel function is driven to ν = 3/2 and at the same
time the infrared divergence of the one-loop effects given
by the massless scalar field in the de-Sitter space-time
also makes significant corrections to the power spectrum.
Finally, we come to study the case where the universe
undergoes SR-USR-SR inflation. To model this scenario,
we modify the above parametrization of the Hubble flow
variables by adding three more parameters, Ns¯, d¯, and
C4, specifying the starting N when the transition from
USR back to SR occurs, and the width of this transi-
tion, the amount of the change in ln 1, respectively. The
formula reads
ln 1 =C1 + C2N − C3
[
1 + tanh
(
N −Ns
d
)]
+C4
[
tan−1
(
N −Ns¯
d¯
)
+
pi
2
]
. (39)
For a clear illustration, we fine tune the parameters for
such a transition that happens atN = 60 with a very nar-
row width d¯, which does not intervene with the rise to the
maximum value of the power spectrum at Ns = 40. This
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FIG. 5. Evolution of the power spectrum ∆ζ,νUSR (31) as a
function of N for the parameter set in Fig. 3.
set of parameters is given by C1 = −4.6, C2 = 0.0194,
C3 = 8.7, d = 7, Ns = 40, C4 = 0.00192, d¯ = 7 × 10−7,
and Ns¯ = 55. All parameters relevant to the SR to USR
transition remain the same as in Fig. 3. By adding an-
other transition from USR to SR, it is seen that the evo-
lution of 1 changes from an extremely small value back
to the order of 10−2 after the transition point N = 55.
Then, all other Hubble flow variables end up with small
values in the second SR regime, and the corresponding
power spectrum settles to the small value 10−9 again, as
shown in Fig. 9. However during the period of the transi-
tion back to SR, 2 goes from negative to positive value,
and thus crosses zero seen in Fig. 7. When 2 is in the
regime of 2 → 0+ seen in Fig. 7, giving ν ' 3/2 − ∆
with ∆ → 0+, as in Fig. 6, the quantum loop effects to
〈ϕ2〉 are enhanced due to the infrared divergence in its
momentum integral in Eq. (35). Nevertheless, during
the USR to SR transition as 2 becomes positive with
ν = 3/2−∆ where ∆ is negative seen in Fig. 8, the one-
loop effects of 〈ϕ2〉 encounter different type of infrared
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FIG. 6. Corrections due to the one-loop effects as a function
of N to the full one-loop result ∆2ζ,1−loop (37) deviated from
∆ζ,νUSR (31).
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FIG. 7. Evolution of the Hubble parameters (1, 2, 3, 4) as
a function of N for the set of (C1, C2, C3, Ns, d;C4, d¯, Ns¯) =
(−4.6, 0.0914, 8.7, 40, 7; 0.00192, 7× 10−7, 55) in Eq. (39).
0 10 20 30 40 50 60
0
1
2
3
N
ν
FIG. 8. Evolution of the order of the Hankel function ν in
Eq. (15) as a function of N for the parameter set in Fig. 7.
divergence in Eq. (32). We find that
4pi2
H2
〈ϕ2〉R= pi
2
∫ µp
δ
dz
z
z3
∣∣∣H(1)ν (z)∣∣∣2
'
∫ µp
δ
dz z−1+2∆ + ....
' 1
2 |∆| δ2|∆| + ... . (40)
where a special care needs to be taken to resume all im-
portant infrared effects for having a reliable power spec-
trum especially around its peak value. We will tackle
this infrared issue in our future work. Here we give an
intuitive way of regularizing the divergences by introduc-
ing physical cutoffs for z [29]. Note that the USR to
SR transition occurs in the period of e-folds from N1 to
N2, which is controlled by d¯ in the above parameters.
The one-loop effects of 〈ϕ2〉 can be roughly estimated by
considering the momentum modes, which are within sub-
horizon modes at e-folds N1 and leave out of the horizon
at e-folds N2. Thus, we have
4pi2
H2
〈ϕ2〉R∼
∫ δ2
δ1
dz z−1−2|∆| + ...
= − 1
2|∆|
(
δ
−2|∆|
2 − δ−2|∆|1
)
+ ...
' ln
(
δ2
δ1
)
+O(|∆|)
= (N2 −N1) +O(|∆|) . (41)
In the limit of ∆ → 0, the last equality of the above
equation recovers the linear growth in time since N ∝ t.
However, even for a finite ∆ < 0, the one-loop effects
of 〈ϕ2〉 still suffers from infrared divergence as found
in the second line of Eq. (40) as the lower limit of the
momentum integral δ → 0. According to Ref. [30], the
negative value of ∆ may arise from the scalar field po-
tential with negative mass term. It will lead to the so-
called spinoidal instabilities, driving the growth of large
quantum fluctuations that need to be incorporated by
the non-perturbative method in a self-consistent man-
ner. Our estimate here just indicates significant one-loop
corrections to the USR to SR transition that should be
confirmed by a formal quantum field theoretical method.
V. SUMMARY AND OUTLOOK
In this work, we examine the quantum loop effects
on the single-field inflationary models in a spatially flat
FRW cosmological space-time where the general self-
interacting scalar field potential V (φ) is modeled in terms
of the Hubble flow parameters in the effective field the-
ory approach. We first separate the classical homoge-
neous background field (Φ0) from the quantum field fluc-
tuations (ϕ). The background field obeys the classi-
cal Klein-Gordon equation in the FRW metric with the
scale factor following the Friedmann equations. We de-
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FIG. 9. Evolution of the power spectrum ∆ζ,νUSR (31) as a
function of N for the parameter set in Fig. 7.
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rive the equation of motion for mode functions of the
quantum field where the solutions are given by the Han-
kel function with the order ν. The index ν depends
on the potential function of the scalar field, and can
be expressed by the Hubble flow parameters as ν2 =
9
4 − 3 1 + 32 2 + 52 21 + 14 22 − 32 12 + 12 23 that varies
slowly in time in an adiabatic approximation . Later, the
one-loop contribution of 〈ϕ2〉 is computed for a choice
of the Bunch-Davis vacuum state. In addition, we in-
troduce the power spectrum of primordial perturbations
described by the density perturbations in a spatially flat
gauge. The full one-loop expressions of the density per-
turbations as well as the energy density and pressure of
the inflaton field are obtained where the corresponding
ultraviolet divergence of the loop contributions are stud-
ied, and can be systematically removed by the method of
regularization/renormalization. More importantly, those
loop contributions may also encounter the infrared di-
vergence in the case of massless inflaton fluctuations in
de Sitter space-time as ν → 3/2. Here we first adopt
the SR step model proposed in Ref. [13] to numerically
study the SR to USR inflation. We find a huge amplifi-
cation on the power spectrum of order 10−2 during the
USR regime, which is large enough to potentially pro-
duce PBHs, by keeping 1 ( 1 ∼ 10−9 ) to be extremely
small. Then, the index ν in the USR regime can be ap-
proximated by ν ≈ (9/4 + 32/2)1/2. However, staying
with the small 1 leads to the small 2, driving ν → 3/2,
where the accompanying quantum loop effects also be-
come significant as well. We then modify the model to
consider the SR-USR-SR inflation and the peak of the
power spectrum occurs in the transition of USR back
to SR as 2 goes from negative to positive values, which
then drives 1 back to a relatively large value (1 ∼ 10−2)
with the power spectrum of order 10−9 in the SR regime.
Again when ν → 3/2, large quantum loop effects can be
seen near the peak of the power spectrum as compared
with the tree-level results. Thus, to model a success-
ful model that undergoes either SR-USR or SR-USR-SR
inflation seems inevitably to induce large quantum loop
effects. Here our estimates just indicate significant one-
loop corrections that should be confirmed by a formal
quantum field theoretical method, and, if so, further be
treated in a self-consistent manner by following the works
of Refs. [28, 30] in our future study.
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Appendix A: The one-loop UV divergence
In this appendix, we summarize the UV divergence in
on the one loop contributions to the relevant quantities
to the density perturbations. The quantum correction
〈ϕ2〉 determined by the momentum integral in Eq. (32)
have both quadratic and logarithmic divergences. We
introduce UV cutoff momentum scale Λp(η) determined
by the fixed physical cutoff divided by the scale of in-
flation in a comoving frame according to Ref. [29], i.e.,
Λp(η) ≡ ΛH C(η) = −Λ η. For a general ν, the ultraviolet
divergence of 〈ϕ2〉 in Eq. (32) is found to be
〈ϕ2〉 = H
2
0
8pi2
[
Λ2p+ln ΛP (ν
2−1/4)+finite parts
]
. (A1)
Similarly, the time derivatives and the gradient terms
of quantum corrections also suffer from the ultraviolet
divergences given respectively by
〈
ϕ˙2
〉
=
H40
8pi
∫ Λp
0
dz
z
z2
∣∣∣∣ ddz [z 32H(1)ν (z)]
∣∣∣∣2 = H4016pi2
[
Λ4p − Λ2p (ν2 − 9/4)−
ln Λp
2
(ν4 − 5ν2/2 + 9/16) + finite parts
]
,〈(∇ϕ
a(t)
)2〉
=
H40
8pi
∫ Λp
0
dz
z
z5
∣∣∣H(1)ν (z)∣∣∣2 = H4016pi2
[
Λ4p − Λ2p (ν2 − 9/4)−
3 ln Λp
2
(ν4 − 5ν2/2 + 9/16) + finite parts
]
.
(A2)
Here we consider the case of the general ν and the discus-
sions of the UV divergence above generalize those results
in Ref. [24], in which the case ν ' 3/2 is considered. The
above integrals have the ultraviolet divergences, which
can be absorbed by the renormalization counter terms
within a given renormalization scheme in the effective
field theory by following Ref. [24].
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